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Abstract

The quantifiers and connectives of English present difficulties to stan-
dard (Church-style) type theory in linguistics in that they can apply sys-
tematically to objects of different form. This paper sketches solutions
to this problem with some extensions to the simply typed lambda cal-
culus, including Damas-Milner types and System F or the polymorphic
lambda calculus. The goal is to maintain the “proofs-as-readings” spirit of
the logical grammar tradition while allowing flexible types for the logical
terms.

1 Background and Outline

Type theory in linguistics grew out of the categorial investigations of Bar-
Hillel [1], Lambek [15, 16, 17] and Curry [5]. Later, Montague’s PTQ seman-
tics [18] utilized a simple Church-style type system to accompany the simple
applicative categorial grammar used to define the fragment of English under in-
vestigation. This unification and the rediscovery of Lambek’s work led van Ben-
tham [26, 27] and many others to develop the tradition of type-logical gram-
mar. In this tradition (substructural) fragments of propositional intuitionistic
logic are used to characterize both natural language (nl) syntax and as the
type-theory accompanying lambda terms used to describe nl denotations. The
easily defined (injective) functors from the associative syntactic calculus (often
Lambek’s L) to the type theory (often Lambek’s associative syntactic calculus
with permutations, LP, or the full positive propositional intuitionistic calculus
J[→+]) became the generalized format of Montague’s rule-to-rule notion of com-
positionality. Also, implicitly or explicitly, type-logical grammar was inspired
by the Curry-Howard-de Bruijn isomorphism between typed lambda terms and
formulae of intuitionistic logic—the tradition characterized by the slogan “for-
mulae as types, proofs as terms”. Applied in the setting of nl semantics, and the
above theories of LPand J[→+], the isomorphism is relaxed to a correspondence
[19, p.116].

Within the Montagovian tradition, Partee and Rooth [20] addressed the
problem that the boolean connectives “and” and “or” in English induce the
same basic intuition or reading irrespective of the types of arguments, e.g.

Serge and Jane sing ≈ Serge sings and Jane sings(1)
Serge sings and smokes ≈ Serge sings and Serge smokes(2)
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(3) One or two girls are in the studio ≈
One girl is in the studio or two girls are in the studio

The monomorphic theory adopted by Montague and the type-logical tradition
that followed did not have the expressive power to characterize polymorphic
terms like connectives. Partee and Rooth sketched a solution in the following
way: let CT be the set of conjoinable types, that is, the set that satisfies

(4) CT ::= t | T→CT

where t is the type of propositions and t→ u is the type of functional terms
from t to u. Thus,

φ and ψ =

{
φ ∧ ψ if φ and ψ are of type t
λxA (φ · x) and (ψ · x) if φ and ψ are of type A→B

(5)

φ or ψ =

{
φ ∨ ψ if φ and ψ are of type t
λxA (φ · x) or (ψ · x) if φ and ψ are of type A→B

(6)

Along similar lines, more recently several authors [7, 8, 27] have noted that
quantifiers like “every”, “one”, “two” etc. exhibit similarly polymorphic ten-
dencies. Consider1:

A present pleases every child. [27, 8](7)
Every time Serge smokes, women swoon.(8)
Serge only sings for fun.(9)
Only Serge sings for fun.(10)
Serge sings only for fun.(11)

The aim of this paper is to provide interpretations for these and other terms,
that are both concise (ideally postulating a single interpretation for terms that
exhibit a natural class of truth conditions) and expressive (flexible enough to
apply to the variety of arguments that they seem to take).

In what follows, I sketch a monomorphic theory based on Lambek’s catego-
rial LP, using an operational semantics to characterize the relationship between
terms and types. Then I extend it with sum types, Damas-Milner style polymor-
phic types and System F polymorphic types, proposing the use of the increas-
ingly powerful systems for certain nl expressions, focusing on the quantifiers
“every” and “only” and the basic connectives “and” and “or”.

2 A Type-theoretic Sketch

For a very long time linguists and philosophers have recognized that linguistic
denotations can be characterized as mathematical functions or operations; for
example Russell explicitly treated the logical constants as truth functions. As
such, it is common to utilize the lambda calculus, a theory based around the
λ operator for reifying functions anonymously, to express the form of linguistic

1Thanks are due to the anonymous reviewer who suggested investigating “only” in this
context
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denotations. As only certain combinations of linguistic terms are grammatical,
so correspondingly only certain combinations of denotational terms are sensible;
thus type theory, which characterizes such combinatorial constraints in terms of
type-membership from Russell onwards, is commonly utilized in keeping with
the Curry-Howard-de Bruijn correspondence described above.

2.1 Syntax

A theory well suited for this is the associative syntactic calculus with permuta-
tions LP of Lambek [17]. The correspondence between lambda terms and types
in LP is given in the following schematization: Types T are

(12) T ::= e | t | T→T | T ◦ T

where e is the type of entities of the model and t the type of propositions. Terms
trm are

(13) trm ::= var | const | λvarT trm | trm · trm

for a class var of term variables and const of constants. Types and terms are
related by the type-tagging on variables in λ expressions, (thus this is a loosely-
typed or Church-typed system), but more generally by type judgments. A
typing context Γ is a string of variable-type pairs:

(14) Γ ::= (varT)∗

You can treat contexts as a symbol-type-lookup table, searching from right
to left, and as such a partial function var → T. Γ,∆ means Γ and ∆ are
concatenated. Concatenation is associative, so parentheses do not matter. Γ(∆)
means ∆ is a substring of Γ and in particular,

Γ(∆)
Γ(∆′)

means ∆′ is substituted for ∆in Γ.

2.2 Judgments

LP typing judgments are given in the following natural deduction format:

(Ax) xA ` x : A

(◦E)
Γ ` a : A ◦B ∆(xA, yB) ` c : C

∆(Γ) ` c[x · y/a] : C

(→ I)
Γ(xA) ` f : B

Γ ` λxA f : A→B

(→ E)
Γ ` a : A ∆ ` f : A→B

Γ(∆) ` (f · a) : B

(◦I) Γ ` a : A ∆ ` b : B
Γ(∆) ` a · b : A ◦B

Constants are assumed to have types already, that is, for cn ∈ const

(Given) ` cn : A

for some A. Taken together, call this system LPnd.

3



2.3 Gentzen Presentation and Decidability

There is also the Gentzen presentation LPg[15, 17, 19], where, together with
(Ax) and for what it’s worth (Given),

(◦L)
Γ(xA(yB)) ` c : C

Γ(zA◦B) ` c[z/x · y] :

(◦R) Γ ` a : A ∆ ` b : B
Γ(∆) ` a · b : A ◦B

(→ L)
Γ ` a : A ∆(xB) ` c : C

∆(yA→B(Γ)) ` c[(y · a)/z] : C

(→ R)
Γ(xA) ` f : B

Γ ` λxA f : A→B

Plus the familiar

(Cut)
Γ ` a : A ∆(xA) ` c : C

Γ(∆) ` c[x/a] : C

Lambek [15] and Došen [6] show the equivalence of the two systems, the elimi-
natibility of (Cut), and consequently the decidability of both.

Thm 1 (LPnd≈ LPg.) If there is a proof of Γ ` a : A in LPnd then there is
a proof of Γ ` a : A in LPg. (Lambek [15])

Thm 2 (Cut-elimination.) If there is a proof of a ` A : in LPg with (Cut),
there is also a proof without (Cut). (Lambek [15], Došen [6])

2.4 Reduction and Safety

Term reduction rules follow Pierce [21]’s presentation. Values in the system, a
subset of terms, are given by

(15) val ::= const | λvarT trm

and reduction rules are, for a, b, c ∈ trm and v ∈ val,

(app1) a b
(a · c) (b · c)

(app2) a b
(v · a) (v · b)

(beta) (λxA f · a) f [x/a]

The following two theorems relate term reductions to type judgments (c.f.
Pierce [21]):

Thm 3 (Progress) When ` a : A then either a ∈ val or ∃b, a b.

Thm 4 (Preservation) If Γ ` a : A and a b then Γ ` b : A.

Taken together, the theorems show that LP admits the slogan “Safety = Progress
+ Preservation”.
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2.5 Logical Constants

Following Turner [25] we introduce the following constant term to the system,

(16) `⇒: t→t→t

and term schema

(17) ` ΠA : A→t→t

The language val is interpreted by a model M = 〈D,P, T, I,v,ΠΠΠA〉. [[·]]M maps
types Tinto D s.t.

(18)
[[e]]M ⊆ D

[[t]]M = P

[[A→B]]M = ([[B]]M)([[A]]M)

For a model M = 〈D,P, T, I,v,ΠΠΠA〉 the following holds,

1. D is a set, the universe,

2. P ⊆ D the set of propositions,

3. T ⊆ P the true propositions,

4. I : const → D,

5. v a function on P × P → P s.t. x v y ∈ T if x ∈ T only if y ∈ T

6. ΠΠΠA : P [[A]] → P s.t. for f : [[A]] → P [[ΠΠΠA(f) ∈ T if for all a ∈ [[A]],
f(a) ∈ T .

Equipped with a partial function g : var → D, [[·]]M,g : val ∪ var → D s.t.

(19)

[[λxA f ]]M,g = d 7→ [[f ]]Mg[x/d] for d ∈ [[A]]M

[[x]]M,g = g(x) for x ∈ var

[[a]]M,g = I(x) for a ∈ const,in particular
[[a⇒ b]]M,g = [[a]]M,g v [[b]]Mg

[[ΠA]]M,g = ΠΠΠA

The rest of Turner’s Intuitionistic Higher Order Logic (ihol) is given by the
following definitions

(∀xT ) ≡ λφT→t ΠT (λxT φ)
∧ ≡ λφt λψt ((∀χt) · (φ→ (ψ → χ)) → χ)
∨ ≡ λφt λψt ((∀χt) · (φ→ χ) → ((ψ → χ) → χ))

(∃xT ) ≡ λφT→t λχt ((∀yT ) · p)(χ[y/x] → χ) → χ
⊥ ≡ ((∀φt) · φ)
∼ ≡ λφt φ→ ⊥

=T ≡ λaT λbT ((∀fT→t) · (f · a) → (f · b))

It follows that the proof theory of IHOL (made into classical HOL with the
inclusion of the law of excluded middle) applies here too.
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3 Ad hoc Polymorphism: First Pass

Constructive conjunction and disjunction are added to the system as follows:
Extend T

(20) T ::= · · · | T× T | T + T

with new term schemata, for i ∈ {0, 1},

(21) trm ::= · · · | 〈trm, trm〉 | πitrm | ιitrm | (trm ? trm : trm)

Typing judgments are extended, for LPnd,

(×I)Γ ` a : A Γ ` b : B
Γ ` 〈a, b〉 : A×B

(×E)
Γ ` a : A0 ×A1

Γ ` πia : Ai

(+I)
Γ ` a : Ai

ιia ` A0 +A1 :

(+E)Γ ` c : A+B Γ ` a : A→C Γ ` b : B→C

Γ ` (c ? a : b) : C

Alternatively, for LPg,

(×L)
Γ(x(Ai)) ` b : B

Γ(y(A0+A1)) ` b[πiy/x] : B

(×Ri)
Γ ` a : A Γ ` b : B

Γ ` 〈a, b〉 : A×B

(+L)
Γ(xA) ` a : C Γ(yB) ` b : C

Γ(zA+B) ` (z ? λxA a : λyB b) :

(+Ri)
Γ ` a : Ai

Γ ` ιia : A0 +A1

The continued equivalence of LPnd and LPg is relatively easy to show. For
example, here is (×R)’s derivation in LPnd

(22)

Γ(xAi) ` b : B

Γ ` λxAi b : A→B

yA0×A1 ` y : A0 ×A1

yA0×A1 ` πiyAi :

Γ, yA0×A1 ` (λxAi b · πiy) : B
Γ, yA0×A1 ` b[πiy/x] : B
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Also, new evaluation rules:

(proj1i) πi〈a0, a1〉 ai

(proj2i)
a a′

πia πia
′

(pair1) a a′

〈a, b〉 〈a′, b〉

(pair2) a a′

〈v, a〉 〈v, a′〉
(inj-casei) (ιiv ? a0 : a1) (ai · v)

(case) a a′

(a ? b : c) (a′ ? b : c)

(inji)
a a′

ιia ιia
′

The properties sketched above, Decidability and Safety still hold for LP with
{×,+} [22, 21]. Also, it is standard to define arbitrary lists and variants directly
rather than constructing them out of pairs and sums.

3.1 Conjunction

Ad hoc polymorphism can be applied to a first pass at the definition of gener-
alized conjunction and and or. Let

(23)

andt =def λφt×t π0φ ∧ π1φ
ande =def λxe×e (X · π0x) ∧ (X · π1x)

ort =def λφt×t π0φ ∨ π1φ
ore =def λxe×e (X · π0x) ∨ (X · π1x)

Polymorphic terms and and or are given by

(24)
and =def λxe×e+t×t (x ? ande : andt)

or =def λxe×e+t×t (x ? ore : ort)

where × binds more closely than +. So, for example, “Serge and Brigitte”
as in “Serge and Brigitte sing” is derived as follows. Given ` serge : e and
` brigitte : e,

(25)
xe→t ` serge : e xe→t ` brigitte : e

xe→t ` 〈serge,brigitte〉 : e× e
xe→t ` ι1〈serge,brigitte〉 : t× t + e× e
xe→t ` (and · ι1〈serge,brigitte〉) : t
xe→t ` (x · serge) ∧ (x · brigitte) : t
` λxe→t (x · serge) ∧ (x · brigitte) :

andt and ort are legitimate combinators of LP: they would not be if · were
substituted for × above.

However, ande is not even a combinator, as it contains a free variable.
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3.2 Quantification

Lets examine English quantifiers “every” and “only”. Let i be a new primitive
type (hence, T ::= · · · | i) of time-indices and have it that verbs generally
quantify over time-indices as sketched in [3], here oversimplified. That said, for
the purposes of this presentation, assume that unless specified, verbal terms are
applied to temporal constant now—i.e. in the present tense:

(26) ((loves · serge) · brigitte) =def (((loves · now) · serge) · brigitte)

For now, set vp =def e→ i→t. Consider 2

[[Every man sleeps]] = ((every ·man) · sleeps)(27)

[[Every time Serge sleeps Serge dreams]] =
((every · (λti sleeps · serge)) · (λti dreams · serge))(28)

[[Only Serge loves Brigitte]] = ((only · serge) · ((loves · brigitte)))(29)
[[Serge only loves Brigitte]] = (((only · loves) · serge) · brigitte)(30)
[[Serge sings only for fun]] = ((only · forfun) · ((sings · serge)))(31)

Ascribing a denotation for every is standard and throughout the literature [2].
It can be glossed as

(32) every =def λx
X→t λyX→t (∀zT )(x · z) ⇒ (y · z)

only is trickier. “Only Serge loves Brigitte” suggests that Serge loves Brigitte,
and no one else does, hence

(33)
only =def

λxe λZe→t (Z · x) ∧ (∀Y e→t)(Y · x) ⇒ Y =e→t Z

but, “Serge only likes Brigitte” (in the sense that he doesn’t love her or hate
her)

(34)
only =def

λxe→e→t λze λye ((x · z) · y) ∧ (∀we→e→t)((w · z) · y) ⇒ w =e→e→t x

The problem is not only in choosing a type for the full term, but for the sub-
terms as well. Here, categorial fusion and its associativity and permutability,
helps

(35)
only =def

λxA λyB (x · y) ∧ (∀zB)(x · z) ⇒ y =B z

However, rather than terms for “every” and “only” we have term schemata.

4 From Schemata to Terms

The goal of this section is an account of how to reify the schemata sketched
above (32, 35) into terms. This will introduce parametric polymorphism into
the lexicon.

2Special thanks to the anonymous commenter on this paper who suggested looking into
“only” here.
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4.1 Damas-Milner Polymorphism

Add to the system new terms

(36) trm ::= · · · | let x⇐ trm in trm

the new typing rule

(Let)
Γ ` a[x/b] : A Γ ` b : B

Γ ` let x⇐ b in a : A

and evaluation rules

(let1) v ∈ val
let x⇐ v in a a[x/v]

(let2) a b
let x⇐ a in c let x⇐ b in c

New type-place-holders ?X are added to the system and allowed to serve as
type-tags on lambda terms. This is feasible in the system because an effective
type-reconstruction algorithm exists for the system, choosing concrete types
(i.e. members of T) when a typing exists for a term. In fact, given Γ a given
term has a principal or most general solution to the question of how to type
its constituent terms. In effect, this allows terms that do not have type-tags
labeling them. Pierce [21] covers this topic.

So, now we have

every =def λx λy (∀z)(x · z) ⇒ (y · z)(37)
only =def λx λy (x · y) ∧ (∀z)(z · x) ⇒ y = z(38)

So, for example, “Every time Serge sleeps Serge dreams” is given by

(39)
let x⇐ λti ((sleeps · t) · serge) in let y ⇐ λti ((dreams · t) · serge) in

(∀zi)(x · z) ⇒ (y · z)

Note that replacing x and then y with λti ((sleeps · t) · serge) and then
λti ((dreams · t) · serge) reduces to

(40) ((every · λti ((sleeps · t) · serge)) · λti ((dreams · t) · serge))

Since it is fairly straightforward, though tedious, to provide a typing for every
s.t. ` (40) : t, it follows that

(41) (Let)
` (40) : t
` (39) : t

4.2 Polymorphic Lambda Calculus

System F or the polymorphic lambda calculus [11, 12, 23, 24] adds to the type
system a universal type schema and an abstraction operation on types. Now,
in the object language there are two classes of variables, type variables TyVar
and term variables TmVar. Now, typing constants have type variables occur in
them

(42) Γ ::= (varT | TyVar)∗
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and there are new terms that range over type symbols

(43) T ::= e | t | i | TyVar | T→T | ∀T.T

The other term schemata defined above are now unnecessary, as System F can
define general terms for pairs, sums, even arithmetic via Church-encodings.

(44) TmVar ::= TmVar | const | λTmVarT trm | (trm·trm) | ΛTyVar trm | (trm·T)

New typing rules for F

(∀I) Γ, X ` f : A
Γ ` ΛX f : ∀X.A

(∀E)
Γ ` f : ∀X.A

Γ ` fB : A[B/X]

and reduction rules

(tyapp) a b
aA  bA

(tybeta) ΛX aA  a[X/A]

System F is safe in the sense of “Preservation + Progress” [21], proofs are cut
admissible and F has the property of normalization, that all well-typed terms
terminate [11, 12].

The semantics of System F are strictly outside those we sketched for LP, as
quantifiers range over propositional variables, then to comprehend a type ∀X.A,
it is necessary to comprehend all A[X/B], where B may be much more com-
plicated than A. In this sense F is impredicative. There are two known classes
of models of System F [24]. In one, types are mapped to partial equivalence
relations on a model of the untyped lambda calculus. In the other, the meaning
of type is a Scott domain.

Also, in general type reconstruction fails, that is, given a term a of the
untyped lambda calculus, whether there is a term a′ in System F s.t. a = a′

with all the type-tags removed [21, 29].
Finally, in linguistics Martin Emms [8] discovered that in general the asso-

ciative syntactic calculus L equipped with higher-order types is undecidable (in
spite of showing that it is cut-admissible).

4.3 Examples of ∀ → ∀ Polymorphism?

The general impredictativity of System F, and the results regarding its lack of
type reconstruction and undecidability when constrained to L raise the ques-
tion whether F is too powerful for linguistic tasks. Many linguists think so;
van Bentham [27] prefers Damas-Milner style types, which he call “substitu-
tional polymorphism” which are also studied in Emms [9] and elsewhere.

Several authors [4, 14, 10] have pointed out the impredictativity of certain
English terms, such as “is fun”, and have generalized the type theory of their
respective theories (or, in Chierchia’s case, removed it altogether).

In keeping with the emphasis on quantifiers and connectives in this paper,
note the connectives can coordinate (polymorphic) quantifiers themselves:

(45) All and only men love Brigitte.

10



(46) One or two boys love Brigitte.

System F derivations for these examples are:

(47)

(((or · 〈one, two〉) · boy) · (loves · brigitte))

(((ΛX (or · 〈oneX , twoX〉)) · boy) · (loves · brigitte))

(((or · 〈onee, twoe〉) · boy) · (loves · brigitte))

(((λxe→t (or · 〈(onee · x), (twoe · x)〉)) · boy) · (loves · brigitte))

((or · 〈(onee · boy), (twoe · boy)〉) · (loves · brigitte))

((λxe→t (or · 〈((onee · boy) · x), ((twoe · boy) · x)〉)) · (loves · brigitte))

(or · 〈((onee · boy) · (loves · brigitte)), ((twoe · boy) · (loves · brigitte))〉)
((onee · boy) · (loves · brigitte)) ∨ ((twoe · boy) · (loves · brigitte))

Finally, considering “and/or” Is it the case that

(48) [[and/or]] = (or · 〈and,or〉)?

Of course,

((or · 〈and,or〉) · 〈φ, ψ〉) = ((λxt×t 〈(or · x), (and · x)〉) · 〈φ, ψ〉)(49)
= (or · 〈(and · 〈φ, ψ〉), (or · 〈φ, ψ〉)〉)
= (or · 〈φ ∧ ψ, φ ∨ ψ〉)
= (φ ∧ ψ) ∨ (φ ∨ ψ)
= φ ∨ ψ in classical reasoning

In fact, even in constructive reasoning, or with an exclusive interpretation of
“or”, (φ ∧ ψ) ∨ (φ ∨ ψ) entails classical or, that is, (a witness to) φ, (a witness)
to ψ, or (a witness) to φ ∧ ψ.
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